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Abstract

Applying Gibbs’ concept of dividing surface and dividing line, the wetting of spherical
droplets on spherical rough solid substrates was studied by methods of thermodynamics.
Considering the influences of line tension, a generalized Wenzel’s equation for contact
angle between droplets and spherical rough solid substrates is derived. Under some
assumptions, this generalized Wenzel’s equation reduces to Rusanov’s equation.
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1. Introduction

Wetting phenomena are common in solid-liquid-gas systems, for instance, wetting of liquids on
solid surfaces, adhesives, lubricants, capillary penetration in to porous media and floation [1].
Wetting abilities are important in many industrial applications, for example, the wetting abilities of
electrolytes on electrodes plays a key role in improving the specific energy density of
supercapacitors [2] and lithium-ion batteries [3].

For the cases of smooth and chemically homogeneous substrates, the contact angles 6y are
determined by the Young’s equation [4]

Jgsq — OSL

(1.1)
orLc

cos Oy =

where os¢, o1 and ogp, are the surface tension of solid-vapor interface,
the liquid-vapor interface, and solid-liquid interface, respectively.

The Young’s equation Eq. (1.1) is not applicable to rough surfaces. For the cases of rough non-
deformable solid substrates, neglecting the effect of the line tension, Wenzel [5] established the
following equation
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cos ) = rgcos by, (1.2)

where @ is the contact angle, rs is the surface roughness ratio

reg = 47 x 100% (1.3)
4L Larmnrent
being the true value of the surface area and A

apparent

with A

real

Considering the line tension effects and using Gibbs method of dividing surfaces, Rusanov et al. [6]
obtained a generalized Young’s equation

being the apparent value.

K 1 | ds _
cos = cos By — p— — p— LIRJ . (1.4)

where R, is the radius of three-phase contact line, k is the corresponding line tension, and the
differential in square bracket [dk / dRL] is determined by an arbitrary choice of the dividing line and

the liquid-vapor interface.
For rough non-deformable solid substrates, Rusanov[7] obtained a comprehensive result

(1.5)

rpk O(rpe)| |cosyp
cosf = rgcosfy — { L (7r }] | @

R JdR;,
where  is the angle between the substrates surface and the local prin-

cipal plane of the three-phase contact line, and 7, is the line roughness
ratio

e

J‘-—-r-m iy
rp = ——2_ % 100% (1.6)
L‘n pparent

where L, is the true value of the length of the three-phase contact line and is the apparent

Lapparenz
value.

Eq. (1.5) is valid only for the special dividing surface, called the surface of tension [8], between
the liquid phase and the vapor phase. Considering the effect of the line tension, for the case of liquid
on a flat homogeneous rough non-deformable solid substrates, we [9] obtained a generalized
Young’s equation for the contact angle 6,

rLK 1 |d(rek)
dR L .

Eq. (1.4) and Eq. (1.7) are valid only for the flat surface. Recently, we [10] studied the wetting of a
droplet on a smooth spherical solid substrate and obtained the following generalized Young’s
equation

(1.7)

costl = rg cos By — -
orgRr  ore

cosf) = cosby — (1.8)

reos3  cos | dk
dR; |’

where fis the angle between the substrates surface and the local principal plane of the three-phase
contact line

In this study, considering the effect of surface roughness and contact line roughness to the contact
angle, we derive a new generalized Young’s equation for the contact angle for a droplet on
homogeneous and spherical rough solid substrates based on thermodynamics. In section 2, the

oraRp o1
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Helmbholtz free energy of this system will be given. The new generalized Young’s equation for this
system will be derived in section 3.

2 The Helmholtz free energy of the three-phase system

Let us consider the wetting of a droplet on a rough spherical solid substrate, refers to Fig. 1. The
angle between the solid-liquid surface tangent and the liquid-vapor surface tangent is the contact
angle 0 . Let B be the angle between the substrates surface and the local principal plane of the three-
phase contact line, o is the angle between the liquid-vapor surface tangent and the local principal
plane of the three-phase contact line, and v = # + 3. Let Rbe the radius of spherical liquid

drop. R, is the radius of spherical solid substrates. R, is the radius of three-phase contact line.

O

0

Fig. 1 An illustration of hydrophilic wetting of spherical liquid droplet on a spherical rough solid
substrates

For simplicity, we ignore the gravitation in the following discussion. Thus, the equilibrium shape of
a droplet on a spherical solid substrates has the shape of a spherical segment.

According to Gibbs concept of dividing surface [8] and dividing line[11], this solid-liquid-vapor
system can be divided into six parts, i.e. liquid phase, vapor phase, the liquid-vapor interface, the
solid-liquid interface, the solid-vapor interface and the three-phase contact line. Therefore, the total
Helmholtz free energy F of the system is
F=F +F,+F,,+F, +F, +F

SLG>

(2.1)
where F is the total Helmholtz free energy, F,,F,,F,;,F, +F,;and F, ;are the Helmholtz free
energies of the six parts respectively.

Fr = —prVi + uiNr, (2.2)
Fo = —pcVo +peNe, (2.3)
Frg = o6ALe +#eNie; (2.4)
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Fs;, = ospAst + st Nst, (2.5)
Fsq = oscAsq + pseNsa, (2.6)
Fspe = kLsie + pspeNsLe: (2.7)

where p, and p, are the pressures of liquid phase and vapor phase, respectively. V, and V, are the
volumes of liquid phase and vapor phase, respectively. ,;; i~ ura. psr. pise, psre are the

chemical potentials of liquid phase, vapor phase, liquid-vapor interface, solid-liquid interface,
solid-vapor interface and the three-phase contact line, respectively. N,, N, N,;,Ng ,Ny;, Ny

are their corresponding mole numbers, respectively. A, ., A

1604, Az are the surface areas of the

liquid-vapor interface, solid-liquid and solid-vapor interface, respectively. L, is the length of the

three-phase contact line, and & is the line tension.
The volume of liquid phase V, is
N T3 y
Vo = i (2 + rosa)(1 — cosa)?

3
"TE

where R is the radius of the spherical liquid droplet.
The total volume V, of the system is

V.=V, +V, (2.9)

The surface area A, of the liquid-vapor interface is

(2 + cos 3)(1 — cos B)? (2.8)

Arg = o R? (1 — cosar) (2.10)
The apparent surface area A, of the solid-liquid interface is

Asra = QﬁRﬁ{l — cos f3) (2.11)

The real surface area Ay, of the solid-liquid interface is

Asp, = rs2mR2(1 — cos ) (2.12)
The total real surface area A, of the solid-liquid interface and the solid-vapor interface is
A=Ay +Ag (2.13)

where A is surface area of the solid-vapor interface.
The apparent length and the real length of the three-phase contact line are

Lsice = 27 Rsina (2.14)
and
Lspc =27 Rry sin « (2.15)
respectively.
Based on the above relations, we have
_RL‘ .
Fi = —pr- |—(2 +cosa)(l — cosa)?
3 (2.16)
I RE] ) o 7 .T
3 (2 + cos B)(1 — cos B)%| + ur Ny,
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3
Fo = —po- {L’} — {%{2 + cosar)(1 — cosa)’?
?TR% » T =
—T(Q—H-.os_ﬁ)(l —cosfB)°| ¢ + ueNe,  (2.17)
Fro = o0 Q’J'TR?(l — COS Cl'} + nraNiea, (2.18)
F:gL = J&8L - Q?L—TIS‘RS(]. — ('.OS.S) + ,H.s‘r_.;'\'rgﬂ., (2.19)
FSG = J850 - [A; — Q'J'T?"SR%(l — COSs 3]] + ,EI-S.‘_;':"‘\'TSG\ (2.’20)
Fsieo = 2mrrpRsina + pspoNsio. (2.’21)
Therefore, putting above results into Eq. (2.1), the total Helmholtz free energy F' Fcan be written as
TR*
F = —(pr—pa)- { 3 (2 + cosa)(l — cosar)?
\ L
——WBR{J(Q + cos 7)(1 — cos 3)7}
—pe - Vi + o, - 27 R (1 — cosa)
+(os, — 0s¢) - 2mrgRA(1 — cos ) (2.22)

_'_JSC—’flf + QTTHT'LR sIn o
+ur N + peNe + preNee + psiNst
+1saNsa + psraNsra

3. Derivation of a new generalized Young’s equation
It is convenient to introduce the grand potential to treat a system including some open
subsystems. The definition of the grand potential Q of a system is

O =F— Z pilN;. (3.1)

where N, are the corresponding mole numbers of molecules of the subsystems.

From Eq. (2.22) and Eq. (3.1), the total grand thermodynamic potential Q of the system is
obtained

R? .
Q = —(pL—pa)- {7(2 + cosa)(1 — cos a-)2

T R3 5
————%(2 4 cos B)(1 — cos ;a'r]

—pa-Vi+ore - 2rRY(1 — cosa) (3.2)
+(osp — osc) - Qﬁrsﬂg(l — cos f3)
+oscAs + 2rrrp Rsina

The thermodynamic potential € is independent of the arbitrary choice of the position of the
dividing surface, [6] we have the following restriction
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dol _
Putting Eq. (3.2) into Eq. (3.3), we have,
_ dV]:. dO’LG _

dAr o
+ oG- { d;?b + (osr, — o) - [

Ik dLsra
{Ch] - Lsra+ K- { SLG] =0.

(3.4)

dAgy,
dR

dR dR

The dividing surface of liquid-vapor interface of a liquid droplet on homogeneous and spherical
rough solid substrates should be parts of concentric and conformal spherical surface. These dividing
surfaces are segmental. Therefore, we have the following relationships

Rsina — Iysing, Rycosf — Reosa — Oy — const, (3.5)
dae cos(a—f3) g 1
dR — Rsin(a — ) dR  Rysin(a— )

(3.6)

and
dRy, cos 3

R, = Rsina = Rysin 3, p = I (3.7)

Now using Eq. (3.5-3.6), we have the following results,

dv, 2 9
l L} = TR"(2 + cosa)(1 — cosax)”

dR
+r R sin’ o - 7{395(’& —b)
sin(a— 3)
. 1
_ 2 i3 A - ) 38
T Rjsin®, sin(a—B)’ (3.8)
dAre | o _ . con(a — ) .
l iz | = 47R(1 — cosa) +Q?rRsmamj (3.9)
dAsL] sinf _
[ ar | = s e Ty (3.10)
dLspe]| | cos[3 _
|: iR | = QTTTLm. (311)

It is known that a generalized Laplace’s equation [12, 13]of a free spherical droplet in vapor is

207 doia
R T { dR }

PL —Pc = (3.12)
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Using & = #+ 3 and putting Egs. (3.8-3.12) into Eq. (3.4), we obtain

rosf) — rscrsc —asL .;.thcoslﬁ B sinf {d(f‘iﬁ)} .
oLG oraBRsin(0+ )  oLc dR '
Using the Young’s equation Eq. (1.1) and Eq.(3.7), Eq.(3.13)can be written as
costl = rgcosfly — rpkcos  cosfs [d( "L h}] (3.14)
orcRL  oLe | dRy '

Eq. (3.14) is a generalized Young’s equation for spherical droplets on a spherical homogeneous
rough solid substrates for an arbitrary dividing surface between liquid phase and vapor phase.
If r¢ =1 and r; = 1, then Eq.(3.14) reduces to our previous result Eq.(1.8).

If we suppose =0, then, cos =1 the spherical surfaces change to flat surfaces, Eq.(3.14) reduces
to the generalized Young’s equation, Eq. (1.7), obtained by Wang et al.[9]. Furthermore, if rs=1

and ;=1 then Eq. (3.14) reduces to the generalized Young’s equation Eq. (1.4), obtained by
Rusanov et al. [6].

4. Conclusion

Applying Gibbs’ concept of dividing surface and dividing line, the wetting of spherical droplets
on spherical rough solid substrates was studied by methods of thermodynamics. Considering the
influences of line tension, a generalized Wenzel’s equation for contact angle between droplets and
spherical rough solid substrates is derived. Under some assumptions, this generalized Wenzel’s
equation reduces to Rusanov’s equation.
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