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Abstract 
The idea of ( )( )ξϕ−exp -expansion method is used to construct new profuse exact traveling 

wave solutions of Tzitzeica type nonlinear evolution equations. By means of this method, 

three types of exact traveling wave solutions for each Tzitzeica type equations are obtained, 

including the hyperbolic functions and trigonometric functions. The obtained results show that 

( )( )ξϕ−exp -expansion method is very powerful, effective and convenient mathematical tool 

for non-linear evolution equations in science and engineering. 
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1. Introduction 
Largest part of the phenomena in real world can be demonstrated using non-linear evolution 

equations (NLEEs). Exact solutions of NLEEs plays an vital role, when we want to understand the 

physical mechanism of the phenomena such as the wave phenomena observed in fluid dynamics [7,8], 

plasma and elastic media [9,10] and optical fibers [11,12] etc. Recently, a number of prominent 

mathematicians and physicists have devoted considerable efforts in this interesting area of research. 

For instance the inverse scattering transform [1], the complex hyperbolic function method [2, 3], the 

rank analysis method [4], the Ansatz method [5, 6], the ( )GG /′ -expansion method [13-19], the mod-

ified simple equation method [20], the exp-functions method[21, 39], the sine-cosine method [22], the 

Jacobi elliptic function expansion method [23, 24], the F-expansion method [25, 26], the Backlund 

transformation method [27], the Darboux transformation method [28], the homogeneous balance 

method [29-31], the Adomian decomposition method [32, 33], the auxiliary equation method[34, 35], 

the ( )( )ηϕ−exp -expansion method [36] and so on. 

In this study, the objective is to add new traveling wave solutions of Tzitzeica equations in the 

literature. To do that we applied the ( )( )ξϕ−exp -expansion method in Tzitzeica equations namely 

Dodd-Bullough-Mikhailov equation and Tzitzeica-Dodd-Bullough [37-38] which play a significant 
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role in the scientific applications such as solid state physics, nonlinear optics , quantum field theory. 

The paper is arranged as follows. In section 2, we describe briefly the ( )( )ξϕ−exp -expansion method. 

In section 3, we apply the method to the Tzitzeica type equations. Lastly in section 4, some 

conclusions are given. 

 

2. The (((( ))))(((( ))))ξξξξϕϕϕϕ−−−−exp -expansion method 

In the following, we will summarize the main steps of ( )( )ξϕ−exp -expansion method. Consider a 

nonlinear equation, say in two independent variables x  and t  is given by 

0.........),.........,,,,,( =xtxxttxt uuuuuuF                          (1) 

where u  is an unknown function depending on x , t  and P  is a polynomial in ( )txu ,  and its partial 

derivatives, in which the highest order derivatives and nonlinear terms are involved. The existing steps 

of method are as follows: 
 

Step 1:  Combining the independent variable x  and t  into one variable tkx ωξ += , such that 

( ) ( ) tkxVtxu ωξξ +== ,, permits us reducing Eq.(1) to an ODE for ( )ξVu =  

0.........),.........,,( =′′′ VVVp                            (2) 

Step 2: Suppose that the solution of ODE (2) can be expressed by a polynomial in ( )( )ξϕ−exp as 

follows 

( )( )( )
im

i

i ExpAV ∑
=

−=
0

)( ξϕξ , tkx ωξ +=                           (3) 

where ( )ξϕ ′ satisfy the ODE in the form: 

( ) ( )( ) ( )( ) λξϕµξϕξϕ ++−=′ expexp                        (4) 

Then the solutions of ODE (4) are  

When 0,042 ≠>− µµλ , 

( )
)

2

)
2

)4(
tanh()4(

ln()(

2

2

µ

λξ
µλ

µλ
ξφ

−+
−

−−
=

C

                             (5) 

When 0,042 =>− µµλ , 










−+
−=

1))(exp(
ln)(

Eξλ

λ
ξφ                      (6) 

When 0,0,042 ≠≠=− λµµλ ,  










+

++
−=

)(

)2)((2
ln)(

2
C

C

ξλ

ξλ
ξφ                    (7) 

When 0,0,042 ===− λµµλ , 

))(ln()( C+= ξλξφ                      (8) 

When ,042 <− µλ  
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




















−













+

−
−

=
µ

λξ
λµ

λµ

ξφ
2

)(
2

)4(
tan)4(

ln)(

2

2
C

             (9) 

miAi .......,1,0;,, =λω and µ  are constants to be determined later, 0≠mA , the positive integer m  can 

be determined by considering the homogeneous balance between the highest order derivatives and the 

nonlinear terms appearing in ODE(3). 

Step 3: By substituting  Eq.(3) into Eq. (2) and using the ODE(4), collecting all terms with the same 

order ))(exp( ξφ− together, the left hand side of Eq.(2) is convert into another polynomial in

))(exp( ξφ− .Equating each coefficients of this polynomial to zero, yields a set of  algebraic equations 

for miAi .......,1,0;,, =λω and µ . 

Step 4: The constants miAi .......,1,0;,, =λω and µ can be found by solving the algebraic equations 

obtained in step 3. Since the general solutions of ODE (4) have been well known for us, then 

substituting miAi .......,1,0;, =ω with the general solutions of Eq. (4) into the Eq. (3), we have more 

traveling wave solutions of nonlinear evolution Eq. (1). 

 

3. Application  
In this section, we are going to demonstrate the ))(exp( ξφ− -expansion method on three of well-

known nonlinear evolution equations, namely, the Tzitzeica equation, Dodd-Bullough-Mikhailov 

(DBM) equation and Tzitzeica-Dodd-Bullough (TDB) equation. These nonlinear equations belong to a 

family of nonlinear equations which involve the exponential term 
cu

e , where ℜ∈c . 

 
 

3.1  Tzitzeica equation 

Let us consider the Tzitzeica equation [37]: 

02 =+−− − uu

xxtt eeuu
                     

(10) 

This equation plays a significant role in many scientific applications such as solid state physics, 

nonlinear optics and the quantum field theory. By the transformation )ln(vu = ; 

 Eq. (10) is changing into the following form: 

01322 =+−+−− vvvvvvv xxxttt                   
(11) 

We would like to use the proposed method to obtain some new exact solutions of the Eq. (11), and 

therefore by using the transformation )ln(vu = , the general soluton of Eq.(10) can be obtained easily. 

To obtain solution of Eq.(11), assume that 

)(ξVv = , tkx ωξ +=                       (12) 

where ω,k  are constants. Substitute Eq.(12) into Eq.(11) we get nonlinear ordinary differential 

equation 

( ) ( )( ) 01322222 =+−′−+′′− VVkVVk ωω               (13) 

where prime denotes the differential with respect to ξ .  

Balancing the highest order derivative with the nonlinear term of the highest order, we obtain 2=m . 

Therefore, the solution takes the following form: 

( )( )( ) ( )( )( ) 0, 2

2

210 ≠−+−+= AExpAExpAAV ξϕξϕ            (14) 



Md. Rafiqul Islam et al                   Journal for Foundations and Applications of Physics, vol. 4, No. 1 (2017) 

11 
 

where 10 , AA and 2A  are constants, to be determined later. Substituting Eq.(14) along with Eq.(4) into 

Eq.(13) and collecting all terms with the same order of ( )( )ξϕ−Exp , together the left-hand sides of 

Eq.(13) are converted into a polynomial in ( )( )ξϕ−Exp . Setting each coefficient of each polynomial to 

zero, we derive a set of algebraic equations for 10 ,,, AAk ω  and 2A , as follows: 

( )( )( ) ,022: 2

2

23

2

2

2

26
=−−− AkAAExp ωξϕ  

 

( )( )( ) ,023442: 2

2

22

2121

2

21

22

2

25
=+−+−−− λωωλξϕ AAAAAAAkAkExp  

 

( )( )( ) ,0635563: 2

1

2

20

22

2021

22

1

2

21

2

20

2

2

2

1

4
=+−−−−++−− AAAkAAAAkAkAAAAAAExp ωλλωωξϕ  

( )( )( ) 3

1

2

2

22

1

22

1

22

21

2

21

22

1

2

10

23
3222: AAAAkAAAAAkAAExp −−+−++−− λµωωλωµωλωξϕ  

,010102226 20

2

20

22

21

22

2

2

10

2

21

2

210 =+−−+−− λωλλλµµ AAAAkAAkAkAAkAAkAAA  

( )( )( ) 2

20

2

21

22

20

2

10

2

2

2

0

22

2

2

10

22
443323: λωλµλλωµωλξϕ AAAAkAAkAAAAAAAkExp ++−+−−−−

 ,08823 20

2

20

222

2

22

1021

2 =−++−− µµωµλµω AAkAAAkAAAA  

( )( )( ) 2

10

2

20

2

1

2

010

22

1

22

21

21
6322: λλµµωλµωµξϕ AAkAAkAAAAAAAkExp −−−+−−  

,0262 10

2

20

22

1

22

10

22

21

2 =−+++− µλµωµλλωµω AAkAAAkAAAA  

( )( )( ) −−−++−− λµµωµµωξϕ 10

23

0

2

20

222

1

222

1

20
21: AAkAAAAkAExp  

02 10

22

10

2 =+ λµωµ AAAAk  

Solving this over-determined system with the assist of commercial computational software Maple, we 

have the following results. 

Cluster-1: ,
4

34
,

4

6
,

4

6
,

4

2
2

222

22212

2

0 








−

−−
±=

−
−=

−
−=

−

+
−=

λµ

λµ
ω

λµλµ

λ

λµ

λµ kk
AAA  

Now substituting the values of 210 ,, AAA  and ω  in the Eq.(14), using values of ( )ξϕ  for each 

conditions and also using transformation ( ) ( )Vtxu ln, =  the general solution of Eq.(10) can be obtained 

easily. 

When 0,042 ≠>− µµλ , 

( )

( )
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
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

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
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
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




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




+

−
−

×
−

−





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









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





+













+

−
−

×
−

+
−

+
−

=
2

2

2

2

2

2
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2

2

4
tanh4

2

4

6

2

4
tanh4

2

4

6

4

2

ln,

λξ
µλ

µλ

µ

λµ

λξ
µλ

µλ

µ

λµ

λ

λµ

λµ

C

C

txu               (15) 

When 0,042 =>− µµλ , 
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( )
( )( ) ( )( ) 
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
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

−+
×

−
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
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
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×
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−

−
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2
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2
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6
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6

4
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λ
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λ

λµ

λ
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(16) 

When 042 <− µλ , 

( )
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−
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−
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




+

−
−

×
−

−
−

+
−

=
2

2

2

2

2

2
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2

2

4
tan4

2

4

6

2

4
tan4

2
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4

2

ln,

λξ
λµ
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µ

λµ
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λµ
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µ

λµ

λ
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C

C

txu                         (17) 

where t
kk

kx .
4

34
2

222










−

−−
±=

λµ

λµ
ξ  

 

3.2  Dodd-Bullough-Mikhailov equation 

 

Now consider the Dodd-Bullough-Mikhailov  equation  given by [21-38]: 

02 =++ − uu

xt eeu
                     

(18) 

By the transformation )ln(vu = ; Eq. (18) is changing into the following form: 

013 =++− vvvvv txxt                      
(19) 

Therefore assume that 

)(ξVv = , tkx ωξ +=                       (20) 

where ω,k  are constants. Substitute Eq.(20) into Eq.(19) we get nonlinear ordinary differential 

equation 

( ) 0132
=++′−′′ VVkVVk ωω                    (21) 

where prime denotes the differential with respect to ξ .  

Balancing the highest order derivative with the nonlinear term of the highest order, we obtain 2=m . 

Therefore, the solution of Eq.(21)  takes the following form: 

 

( )( )( ) ( )( )( ) 0, 2

2

210 ≠−+−+= AExpAExpAAV ξϕξϕ             (22) 

 

where 10 , AA and 2A  are constants, to be determined later. Substituting Eq.(22) along with Eq.(4) into 

Eq.(21) and collecting all terms with the same order of ( )( )ξϕ−Exp , together the left-hand sides of 

Eq.(21) are converted into a polynomial in ( )( )ξϕ−Exp .  

 

 

 



Md. Rafiqul Islam et al                   Journal for Foundations and Applications of Physics, vol. 4, No. 1 (2017) 

13 
 

Setting each coefficient of each polynomial to zero, we derive a set of algebraic equations for 

10 ,,, AAk ω  and 2A , as follows: 

( )( )( ) ,02: 2

2

3

2

6
=+− kAAExp ωξϕ  

 

( )( )( ) ,0324: 2

21

2

2

2

21

5
=++− AAAkAkAExp λωωξϕ  

 

( )( )( ) ,05336: 212

2

1

2

1

2

2020

4
=++++− λωωωξϕ AAkAAAkAAAAkExp  

( )( )( ) 2

21

2

12120

2

2

3
22102: λωλωµωλωλµωξϕ AAkAkAAkAAkAkExp ++++−−  

,062 3

121010 =+++ AAAAAAkω  

( )( )( ) µωµωλωλµωξϕ 20

2

10

22

2

2

2021

2
8324: AAkAAAkAAkAAkExp ++−+−−  ,033 2

2

010 =++ AAAAk λω  

( )( )( ) 03226: 1

2

010

2

1

2

21

2

1020

1
=++−−+− AAAAkAkAAkAAkAAkExp µωλµωµωλωλµωξϕ  

( )( )( ) 021: 2

20

22

110

3

0

0
=+−++− µωµωλµωξϕ AAkAkAAkAExp  

 

Solving this over-determined system with the assist of commercial computational software Maple, we 

have the following results. 

 

Cluster-1: ( ),
4

3
,

4

6
,

4

6
,

4

2
222212

2

0
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ω
λµλµ

λ

λµ

λµ

−
−=

−
=

−
=

−

+
=

k
AAA  

Now substituting the values of 210 ,, AAA  and ω  in the Eq.(22), using values of ( )ξϕ  for each 

conditions and also using transformation ( ) ( )Vtxu ln, = , we obtain the required solutions. 

When 0,042 ≠>− µµλ , 

( )
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
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
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
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

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
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+
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
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
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


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




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−
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−

−
−

+
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2

2

2

2
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2

2
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2

4

6

2

4
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2

4

6

4

2
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µ
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µ

λµ

λ

λµ

λµ

C

C

txu                  (23) 

where ( ) t
k

kx
24

3

λµ
ξ

−
−= . 

 

When 0,042 =>− µµλ , 

( )
( )( ) ( )( ) 
















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


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


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



−+
−−=

2

1exp

1
6
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6
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ξλξλ                     

(24) 

where t
k

kx
2

3

λ
ξ += . 
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When 042 <− µλ , 

( )

( )

( )
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
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
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



















−













+

−
−

×
−

−























−













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2

2

2

2
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2
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2

4
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2

4
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λ
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C

C

txu                       (25) 

where ( ) t
k

kx
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3
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−
−= . 

Cluster-2: ( ),42
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4
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−
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k
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Now substituting the values of 210 ,, AAA  and ω  in the Eq.(22), using values of ( )ξϕ  for each 

conditions and also using transformation ( ) ( )Vtxu ln, = , we obtain the required solutions. 

When 0,042 ≠>− µµλ ,
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+

−

+−±
−

=
2

2

2

2

2

2

22

2

2

4
tanh4

2

4

)31(3

2

4
tanh4

2

4

)31(

)4(2

)2)(31(

ln,

λξ
µλ

µλ

µ

λµ

λξ
µλ

µλ

µ

λµ

λ

λµ

λµ

C

C

txu

     

(26) 

where ( ) t
k

kx
242

)31(3

λµ
ξ

−

−±
−= . 

When 0,042 =>− µµλ , 

( )
( )( ) ( )( ) 





















−+
+










−+

−±
+

−±
=

2

1exp

1
6

1exp

31

2

31
ln,

CC
txu

ξλξλ                       

(27) 

where t
k

kx
22

)31(3

λ
ξ

−±
+= . 
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When 042 <− µλ , 

( )

( )

( )




























































−













+

−
−

×
−

−±
−























−













+

−
−

×
−

−±
−

−

+−±
−

=
2

2

2

2

2

2

22

2

2

4
tan4

2

4

)31(3

2

4
tan4

2

4

)31(

)4(2

)2)(31(

ln,

λξ
λµ

λµ

µ

λµ

λξ
λµ

λµ

µ

λµ

λ

λµ

λµ

C

C

txu       (28) 

where 
( )
( )t

k
kx

242

313

λµ
ξ

−

−±
−= . 

 

3.3 Tzitzeica-Dodd-Bullough (TDB) equation  
 

Finally, we would like to use the method to find out new solutions of Tzitzeica-Dodd-Bullough 

equation given by [39]: 

02 =−− −− uu

xt eeu
                       

(29) 

which plays a significant role in many scientific applications such as solid state physics, nonlinear 

optics and the quantum field theory. By the transformation uetxv −=),( ; Eq. (29) is changing into the 

following form: 

043 =−−+− vvvvvv txxt                       
(30) 

Therefore, introducing a complex variable ξ  defined as 

)(ξVv = , tkx ωξ +=                        (31) 

where ω,k  are constants. Substitute Eq.(31) into Eq.(30) we get nonlinear ordinary differential 

equation 

( ) 0432
=−−′+′′− VVVkVVk ωω                    (32) 

where prime denotes the differential with respect to ξ .  

Balancing the highest order derivative with the nonlinear term of the highest order, we obtain 1=m . 

Therefore, the solution of the Eq.(32) takes the following form: 

( )( )( ) 0, 110 ≠−+= AExpAAV ξϕ                   (33) 

where 0A and 1A  are constants, to be determined later. Substituting Eq.(33) along with Eq.(4) into 

Eq.(32) and collecting all terms with the same order of ( )( )ξϕ−Exp , together the left-hand sides of 

Eq.(32) are converted into a polynomial in ( )( )ξϕ−Exp . Setting each coefficient of each polynomial to 

zero, we derive a set of algebraic equations for 0,, Ak ω  and 1A , as follows: 

( )( )( ) ,0: 4

1

2

1

4
=−−− AAkExp ωξϕ  

 

( )( )( ) ,024: 2

1

3

110

3

10

3
=−−−−− λωωξϕ AkAAAkAAExp  
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( )( )( ) ,0363: 10

2

1

2

0

2

10

2
=−−−− λωξϕ AAkAAAAExp  

( )( )( ) 0432: 2

11

3

0

2

101

2

010

1
=+−−−−− λµωλωµωξϕ AkAAAAkAAAAkExp  

( )( )( ) 0: 4

0

22

110

3

0

0
=−+−−− AAkAAkAExp µωλµωξϕ  

Solving this over-determined system with the assist of software Maple, we have the following results. 

Cluster-1: ( ).4

1
,

4

1
,

2

1

4

1

2

1
22120

λµ
ω

µλµλ −
=

−
±=−

−
±=

k
AA  

Now substituting the values of 10 , AA  and ω  in the Eq.(33), using values of ( )ξϕ  for each conditions 

and also using transformation ( ) ( )Vtxu ln, −=  the general solution of Eq.(29) can be obtained easily. 

When 0,042 ≠>− µµλ ,

( )

( )












































+













+

−
−

×
−

±−
−

±−=

λξ
µλ

µλ

µ

µλµλ
C

txu

2

4
tanh4

2

4

1

2

1

4

1

2

1
ln,

2

2

22
        (34) 

where ( ) .
4

1
2

t
k

kx
λµ

ξ
−

+=  

When 0,042 =>− µµλ , 

( )
( )( ) 









−+
±−±−=

1exp

1

2

1

2

1
ln,

C
txu

ξλλ                            

(35) 

where .
1

2
t

k
kx

λ
ξ −=  

When 042 <− µλ , 

( )

( )












































−













+

−
−

×
−

±−
−

±−=

λξ
λµ

λµ

µ

µλµλ
C

txu

2

4
tan4

2

4

1

2

1

4

1

2

1
ln,

2

2

22
          (36) 

where ( ) .
4

1
2

t
k

kx
λµ

ξ
−

+=
 

 

4. Conclusion  
 

In this article, the ( )( )ξϕ−exp -expansion method has been successfully implemented to find new 

traveling wave solutions of Tzitzeica type equations. As a result, we obtained plentiful new exact 

solutions including trigonometric function, hyperbolic function and rational solutions. We hope that 

they will be useful for further studies in applied sciences. It is shown that the performance of this 

method is productive, effective and well-built mathematical tool for solving nonlinear evolution 

equations. 
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