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Abstract

The wetting properties of cylindrical droplets between the outer surfaces of two tangent cylinders are
investigated by means of thermodynamics. For the three-phase system containing solid, liquid and vapor
phases, a generalized Young equation for contact angles of cylindrical drops between the outer surfaces of two
tangent cylinders has been thermodynamically derived. In fact, the theoretical foundation of the derived
generalized Young’s equation is based on Gibbs’s capillary phenomena and the method of Rusanov’s dividing
line. ©2016 Science Front Publishers
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1. Introduction

Wetting phenomena are essential and usual in a variety of natural and industrial processes [1-5]. Wetting of
solids by liquids has attracted significant experimental and theoretical attention in past two decades [6-11]. In
particular, the contact angle characterizing wetting behaviors not only indicate how well a fluid wets a solid
surface, but also display the penetration of liquids in porous solids, as well as the description of solid surfaces
treatments [12].

The contact angle is expressed as the angle between the liquid/gas and the solid/liquid interfaces, at the
position where the three phases (solid, liquid, and vapor) meet. For a chemically homogeneous and smooth solid
surface, the contact angle is presented by Young’s equation [6]

Osv —Os1 ()

cosf, =
O-LV

where 6, is the equilibrium contact angle, Oy, , O, and 0, are the interfacial tensions that exist between the
solid (S), vapor (V), and liquid (L), respectively.

In recent years a large number of investigations have been carried out regarding the wetting phenomena in
capillaries. For the cylindrical drops on solid surfaces, N. Dumitrascu [13] studied the contact angle between
liquids and cylindrical surfaces. Davide Mattia [14] carried out the conditions for the stability of liquid films on
and inside cylindrical solid substrates, especially emphasizing on nanometre scale substrates. Vlado A. Lubarda
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[15] investigated the stability of a cylindrical liquid bridge between two parallel plates and derived a closed
expression with respect to the height of the bridge of cylindrical droplets.

However, to the best of our knowledge, there is still not the generalized Young’s equation for cylindrical
drops between the outer surfaces of two tangent cylinders. Therefore, in order to study the wetting properties of
cylindrical drops between the outer surfaces of two tangent cylinders, in line with the principles of both Gibbs’s
dividing surfaces and Rusanov’s dividing line, a generalized Young equation for contact angles is derived using
the method of thermodynamics.

2. Calculating the systemic free energy
Considering a cylindrical droplet with single component, associated with its equilibrium vapor, placed
between the outer surfaces of two tangent cylinders (see Figure 1).

Figure 1. A cylindrical droplet between the outer surfaces of two tangent cylinders

According to the theory of Gibbs’s dividing surfaces, the system, which is illustrated in figure 1, consists of
six subparts, that is, liquid phase, vapor phase, solid/liquid interface, solid/vapor interface, liquid/vapor
interface, as well as the triple phase line. And then, the Helmholtz free energy F' of this system is obtained by

F=F +F,+F;, +F,, +F,, +F, )
where F,, F,, F,,, F,, ,F,, and F,, are the Helmholtz free energies of the liquid phase, the vapor phase,

solid/liquid interface, solid/vapor interface, liquid/vapor interface, and the triple phase line, respectively.
The various free energies have the following forms

Fp==pV, +u N, 3)
E, ==p,Vy, + 1, N, “4)
Fy =0gAg +lg Ny &)
Fgy =04 Agy + lgy Ny (6)
Fry =0 A + 1y Ny (7
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Foy =kLgy +tgyNgy @®)
where p, and p, are the pressures of the liquid and vapor phases respectively, V, and V,, are the volumes of the
liquid and vapor phases, respectively, Oy, , Og,and 0,, are the surface tensions of the solid/liquid,

solid/vapor, and liquid/vapor interfaces respectively, A

o Agyand A, are the surface areas of the solid/liquid,

solid/vapor, and liquid/vapor interfaces, respectively, k is the line tension, L, is the length of the triple phase

line, and &, , i, .t , Mgy 1y sl » as well as N, N, ,Ng, ,Ng,,N,, ,Ng, are the chemical potentials

and the mole numbers of molecules of the corresponding phases, interfaces, and the triple phase line
respectively.

For the purpose of simplicity, ignoring the gravity and the other forces or fields, and then, the equilibrium
shape of a cylindrical droplet between the outer surfaces of two tangent cylinders is the combination of the
prism same as a triangular prism and a cylindrical cap.

The volume V, of the liquid phase is given by
. . T
V, =R*L(f—sin fcos B)+ L{ROR cos asin ff+ R; cos a'—ER(f + Rja’} )

Where R and L are the radius and height of the cylindrical drop, respectively « is the angle between
the radius R and the vertical line, and f is the apparent contact angle.

The total system volume V; is given by

V.=V, +V, (10)
The liquid/vapor interfacial area A, , is expressed as
A, =2RpBL 11
The solid/liquid interfacial area A, is written by
A, = 2R0L(%—aj (12)
The total interfacial area A, of the solid/liquid and solid/vapor interfaces is obtained as
A=Ay +A,, (13)
The length of the three-phase line is written as
Ly, =2L (14)

Based on the relations above, various free energies can be rewritten as

F, :_pL.{RZL(ﬁ—sin,Bcos,B)+L{R0Rcosa'sinﬁ+Rg cosa—%Rg+R§a’H

(15)
+uN,
E, =—p, ‘{VT _{RzL(ﬂ_SinlgcosﬂHL{RORcosasin,B+ R(f cosa—%Rg +R§0{H} (16)
+ iy Ny
.4
FSL =O'SL 'ZROLLE_Q)‘}'IL%LNSL (17)
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T
Fy, zasv'[Ar_ZROL(E_aj}-"IuSVNSV (18)
F, =0, '2R:BL+IULVNLV (19)
Fg, = 2Lk + Mgy Ngy (20)

Now putting the above Egs. (15-20) into Eq. (2), the free energy F' of the total system is rewritten as

F=—(p, _pv).{RzL(ﬁ—sin ﬁcosﬂ)+L{R0Rcos asin B+ R; cos a—%Rg +R020(H

-p, -V, +0,, 2RBL+ (0, —O'SV)-ZROL[g—aj+ Oy A +2L-k 21)
+ll’lLNL +ﬂVNV +IttLVNLV +ll'lSLNSL +ﬂSVNSV +lLlSLVNSLV

3. Derivation of a generalized Young’s equation
The grand thermodynamic potential  of a system containing a solid, a one component droplet as well as
its vapor is expressed as

Q=F-) uN, (22)

where the subscript i is the number of subsystems of the system.
Substituting Eq. (21) into Eq. (22) leads to

Q:_(pL_pV).{RZL(,B—sin,Bcos,B)+L{R0Rcosasin,8+R§ cosa—%Rg +R§CKH

—p, V. +0,, - 2RBL+(0,, —GSV)-2ROL(%—0!)+ o, A +2Lk

(23)
Because grand potential €2, the surface tensions 0y, and Oy, are independent of the choice of dividing

surfaces [16], we get

dQ]_
dR | (24)
dog |_ dogy | _
[ dR }0’{ R |7 (25)
Using Eq. (23) to (25), one gets
dv, do dA,
G e o | G
dA dk dL
+(O-SL — Oy )[ dg}"‘[ﬁ}'lﬂv +k'{ dxv}zo
From figure 1 we can obtain the following expressions
R,sina+ Rsin =R, = const 7
R, cos — Rcos 3= OA = const (28)
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O=a+pf (29
and
dB _ cos(a+p)
dR ~ Rsin(a+f3) (30)
de 1
dR R, sin(a+f) G
Using both Egs. (9, 11, 12, 14) and Egs. (30-31), we get
[dv,
=2RL
L dR } & (32)
i a+
| dR sin(a+ B) (33)
[dA, | 2L
| dR | sin(a+p) (34)
I dLSLV — 0
4R (35)
It is well known that the Laplace’ equation [17] of a free cylindrical liquid drop in vapor satisfies
O-LV do-LV
— = + | —L&-
PL— Py R [ dR } (36)
It can be used for the droplet in figure 1.
Substituting Eqs. (32-35) into Eq. (26), we get,
o., —0, Ssin(a+ dk
cos(a+ ) ==L _ ( ’8){_} -
o,y o, dR (37
Putting Eq. (29) into Eq. (37) yields
cosg =I5 =% _sine_{%}
OLy Oy LdR (38)
By comparing the classical Young’s equation (1) with Eq. (38), we get
in@ | dk
cos@=cosb, — ne. {—} (39)
o,, LdR

Hence, in terms of cylindrical droplets between the outer surfaces of two tangent cylinders, Eq. (39) is the
generalized Young’s equation applicable to arbitrary dividing surfaces between the liquid and vapor phases.

4. Conclusion

In this research, according to the concepts of Gibbs’s dividing surfaces and Rusanov’s dividing line, the
wetting characteristics of cylindrical droplets between the outer surfaces of two tangent cylinders are
investigated by method of thermodynamics. Taking the effects of the line tension into account, a generalized
Young equation for contact angles of cylindrical droplets between the outer surfaces of two tangent cylinders,
has been derived based on the method of Gibbs’s dividing surfaces.

18



Zhou et al Journal for Foundations and Applications of Physics, vol. 3, No. 1 (2016)

ACKNOWLEDGMENTS
The authors would like to acknowledge the financial support for this work from the National Natural
Science Foundation of China (No. 51506048) and the Doctor Research Foundation of Henan Polytechnic
University (No. 660407/002).

REFERENCES
[1] C. Snoeyink, S. Barman, and G. F. Christopher, “Contact angle distribution of particles at fluid interfaces”,
Langmuir, 31, 891-897 (2015)
[2] M. A. Fernandez-Rodriguez, J. Ramos, L. Isa, and M. A. Rodriguez-Valverde, “Interfacial activity and
contact angle of homogeneous, functionalized, and janus nanoparticles at the water/decane interface”,
Langmuir, 31, 8818-8823 (2015)
[3] L. N. Lin, H. Peng, and G. L. Ding, “Influence of oil concentration on wetting behavior during evaporation
of refrigerant-oil mixture on copper surface”, International Journal of Refrigeration, 61, 23-36 (2016)
[4] F. Silze, G. Wiehl, 1. Kaban, H. Wendrock, T. Germming, U. Kiihn, J. Eckert, and S. Pauly, “Wetting
behavior of Cu-Ga alloys on 304L steel”, Materials and Design, 91, 11-18 (2016)
[S1H. W. Moon, Y.J. Yoon, J. H. Park, B. S. Myung, and D. E. Kim, “Dynamic wetting and boiling
characteristics on micro-structured and micro/nano hierarchically structured surfaces”, Experimental
Thermal and Fluid Science, 74, 19-26 (2016)
[6] T. Young, “An essay on the cohesion of fluids”, Philos. Trans. Roy. Soc. London, 95, 65-87 (1805)
[7]1J. W. Gibbs, On the Equilibrium of Heterogeneous Substances (Yale University Press, New Haven, 1961)
p326-327
[8] B. A. Pethica, “The contact angle equilibrium”, Journal of Colloid and Interface Science, 62, 567-569
1977)
[9] E. Bittoun and A. Marmur, “Chemical nano-heterogeneities detection by contact angle hysteresis: theoretical
feasibility”, Langmuir, 25, 1277-1281 (2009)
[10] G. Viswanadam and G. G. Chase, “Contact angles of drops on curved superhydrophobic surfaces”, Journal
of Colloid and Interface Science, 367, 472-477 (2012).
[11]J. A. White, M. J. Santos, M. A. Rodriguez-Valverde, and S. Velasco, “Numerical study of the most stable
contact angle of drops on tilted surfaces”, Langmuir, 31, 5326-5332 (2015)

[12] F. Restagno, C. Poulard, C. Cohen, L. Vagharchakian, and L. Léger, “Contact angle and contact angle
hysteresis measurements using the capillary bridge technique”, Langmuir, 25, 11188-11196 (2009)

[13] N. Dumitrascu and C. Borcia, “Determining the contact angle between liquids and cylindrical surfaces”,
Journal of Colloid and Interface Science, 294, 418-422 (2006)

[14] D. Mattia, V. Starov, and S. Semenov, “Thickness, stability and contact angle of liquid films on and inside
nanofibres, nanotubes and nanochannels”, Journal of Colloid and Interface Science, 384, 149-156 (2012)

[15] Vlado A. Lubarda, “On the stability of a cylindrical liquid bridge”, ACTA Mechanica, 226, 233-247 (2015)

[16] A. I. Rusanov, A. K. Shchekin, and D. V. Tatyanenko, “The line tension and the generalized Young
equation: the choice of dividing surface”, Colloids and Surfaces A, 250, 263-268 (2004)

[17]J. S. Rowlinson and B. Widom, Molecular theory of capillarity (Clarendon Press, Oxford, 1982)

19



